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We propose a Bell measurement scheme by employing a logical qubit in Greenberger-Horne- 
Zeilinger (GHZ) entanglement with an arbitrary number of photons. Remarkably, the success prob¬ 
ability of the Bell measurement as well as teleportation of the GHZ entanglement can be made 
arbitrarily high using only linear optics elements and photon on-off measurements as the num¬ 
ber of photons increases. Our scheme outperforms previous proposals using single photon qubits 
when comparing the success probabilities in terms of the average photon usages. It has another 
important advantage for experimental feasibility that it does not require photon number resolving 
measurements. Our proposal provides an alternative candidate for all-optical quantum information 
processing. 


Photons are a promising candidate for quantum infor¬ 
mation processing 01 - A well-known method to con¬ 
struct a photonic qubit is to use a single photon with 
its polarization degree of freedom [l[ . A crucial ele¬ 
ment in quantum communication and computation us¬ 
ing linear optics and photon measurements [3| is the Bell 
state measurement that discriminates between four Bell 
states. The standard Bell-measurement scheme for the 
Bell states of single-photon qubits utilizes beam split¬ 
ters and photodetectors [4j, [5j. This method, in effect, 
projects two photons onto a complete measurement ba¬ 
sis of two Bell states and two product states so that only 
two of the Bell states can be unambiguously identified. 
Due to this reason, the success probability of the Bell 
measurement using linear optics elements and photode¬ 
tectors is limited to 1/2 0 ] • This has been a fundamen¬ 

tal hindrance to deterministic quantum teleportation and 
scalable quantum computation 00 - There are propos¬ 
als to improve the success probability of the Bell discrim¬ 
ination using ancillary states [6, 7], additional squeezing 
operations |8| and different types of qubits encoding using 
coherent states f|| or hybrid states [10]. In fact, all these 
schemes suffer from the requirement of photon number 
resolving detection pMlOL The requirement of ancillary 
resource entanglement [6|, |7[ and the limited success prob¬ 
abilities 0] are other features to overcome. 

In this paper, we propose a Bell measurement scheme 
using linear optics and photon on-off measurements 
with qubit encoding in the form of Greenberger-Horne- 
Zeilinger (GHZ) entanglement. It is shown that the log¬ 
ical Bell states can be efficiently discriminated by per¬ 
forming N times of Bell measurements on the individ¬ 
ual photon pairs, where N is the number of photons in 
a logical qubit, using only the standard technique with 
beam splitters and on-off photodetectors. The limita¬ 
tion that each measurement for photon pairs can only 
identify two of the four Bell states is overcome by the 


fact that each of the four 7V-photon Bell states is char¬ 
acterized by the number of contributions from the two 
single-photon-qubit Bell states that can be identified in 
the measurement of photon pairs. As a result, the logical 
Bell measurement fails only when none of the N pairs is 
a detectable Bell state, resulting in a success probabil¬ 
ity of 1 — 2~ n that rapidly approaches unity as N in¬ 
creases; it outperforms the previous approaches [(J|8] in 
its efficiency against the number of photons without us¬ 
ing photon number resolving detection. Using this Bell 
measurement scheme, a qubit in an N photon GHZ-type 
entanglement can be teleported with an arbitrarily high 
success probability with a GHZ-type entangled channel 
of a 2 N number of photons as N becomes large. In our 
framework, a universal set of gate operations can be con¬ 
structed using only linear optics, on-off measurements 
and multiphoton entanglement. This may be a competi¬ 
tive new approach to photonic quantum information pro¬ 
cessing due to the aforementioned advantages. 

Multiphoton Bell measurement.- We define single¬ 
photon-qubit Bell states as 


|¥ ± > = 4(l+>l->± l-)l+». 


( 1 ) 


in the diagonal basis |d=) = (| H) db |U))/\/2 in terms of 
horizontal and vertical polarization single photon states 
| H) and \V). Only two of the four Bell states in Eq. (jTJ) 
can be discriminated by the standard Bell measurement 
technique using linear optics @,0. For example, one can 
identify |<f> - ) and |T - ) using beam splitters and four 
on-off photodetectors [5j. We shall refer to this single¬ 
photon-qubit Bell measurement as B s . 
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The logical basis is defined with N photons as 


|0l> = \+}® N — |+)i|+>21+>3 • * * IT) n 5 

|1 L ) = \-)® N = |-) 1 |-) 2 |-) 3 • • • |-)jv 


and then a logical qubit is generally in a GHZ-type state 
as <a|+) 0iV + /?\—)® N . Let us first consider the simplest 
case of two-photon encoding (N = 2) with \0)l = |+) ® 
|+) and |1) L = |—) (g) |—). The logical Bell states can be 
expressed as 



FIG. 1. (Color online), (a) Bell measurement for two-photon 
qubits using two single-photon-qubit Bell measurements B s . 
Each logical qubit is of two photons, (b) Bell measurement 
for iV-photon qubits through N times of B s measurements. 


I*f 2) > = T(|+) 1 |+) 2 |+) 1 ,|+) 2 , ± i-H-H-M-M, 

l*f 2) > = T(|+) 1 |+) 2 |-) 1 ,|-} 2 - ± |-)i|-) 2 |+M+M, 

(3) 

where the first logical qubit is of photonic modes 1 and 
2 while the second is of 1' and 21. Simply by rearranging 
modes 1' and 2 as implied in Fig. 1(a), these Bell states 
can be represented in terms of the single-photon-qubit 
Bell states in Eq. m as 

i *f 2) > = -U|$+ )n ,|$±) 22/ + i$-) n ,|^) 22 o, 

V (4) 

l*f 2 )> = ^(l^ + )ll'l^ ± )22' + |^-)ll'|^ T )22')- 

It then becomes clear that the four Bell states |<F^) and 
|T^) can be discriminated with a 75% success probabil¬ 
ity by means of two separate B s measurements performed 
on two photons, one from the first qubit and the other 
from the second as shown in FigUJa). Note that a B s 
measurement can identify only |<£> _ ) and |4/ _ ) with the 
total success probability 50%. From the results of two B s 
measurements, one can distinguish the Bell states as fol¬ 
lows: (i) when both B s measurements succeed with 

results |<F _ ), (ii) when one measurement succeeds 

with |<F _ ), (iii) 1 ^( 2 )) when both succeeds with |T _ ), 

( iv ) I’Fd when one measurement succeeds with |T ), 

(v) failure occurs when both the measurements fail (i.e. 
neither |<F - ) nor |T _ ) is obtained). Assuming equal in¬ 
put probabilities of Bell states, we can obtain the success 
probability of the Bell measurement as P s = 3/4. 

This scheme can be generalized to arbitrary N photon 
encoding. The logical Bell states |3>^) = (|0 l)|0l) db 

|1l)|1l))/v / 2 and |^ } ) = (|0 t )|l L )± \\ L )\Q L ))/y/2 can 


be expressed as 

. [N/2] 

l^)> = E P[|$ + ) 0iv - 2j >-)® 2i )], 

Vi i=o 

[(JV-l)/2j 

^ = ~m^ E 2 -'“ l * ) v2iH )]. 

V2 j =0 

, IJV/2] 

i^ao) = E n* + r N - 2j \*-)® 2j )}, 

, t( iV-l)/2] 

1^} = ^== £ p[|$ + )® jv -^- i i®-)® 2 ^ +i ) ], 

(5) 

where [x\ denotes the maximal integer < x, and V[-\ 
performs the permutation of N elements of photon 
pairs (Supplementary Material). For example, |4>^) = 
(|$+)®3 +P[|$+)|$-)®2])/2 = (|$+)®3 + |$+)|$-)®2 + 
|$")|$+)|$-) + |$-)®2|$+))/2. The four logical Bell 
states can be discriminated by performing N times of B s 
measurements as illustrated in Fig.[ljb). Each B s is per¬ 
formed on two photons, one from the first logical qubit 
and the other from the second. Clearly, the results of the 
logical Bell measurement are: (i) when an even 

number of B s measurements succeed with result |<F _ ), 
(ii) 1$^) for an odd number of |<F _ ), (iii) l^yv)) for 
an even number of |T _ ), (iv) for an odd num¬ 

ber of |T“), (v) the measurement fails when none of the 
B s measurements succeeds. In fact, one can perform the 
logical Bell measurement effectively via either spatially 
or temporally distributed N times B s measurements, ir¬ 
respectively of the order of measurements. 

Assuming equal input probabilities of the Bell states, 
we can obtain the success probability of the Bell mea¬ 
surement as P s = 1 — 2~ N . Remarkably, our scheme 
shows the best performance among the Bell discrimina¬ 
tion schemes for photons with respect to the attained 
success probability against the average photon number 
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FIG. 2 . (Color online). The success probability of Bell mea¬ 
surements against the average photon number (n) used in 
the process. It is given as 1 — 2~ n ' 2 for our Bell measure¬ 
ment scheme (blue curve), 1 — 1/n for Grice’s scheme (red 
dot-dashed) [|[, P s = 0.643 with ft = 6.00029 for the squeez¬ 
ing scheme (green circle) and 1 — 2 _n / 4 for scheme using 
ancillary photons (orange dotted) [ 7 ]. 


(ft) used in the process as shown in Fig. 2 (details are 
presented in Supplementary Material). For example, it 
reaches P s = 0.996 with N = 8 (n = 16). Our scheme 
does not require photon number resolving detectors in 
contrast to previous schemes suggested to improve the 
success probability of a Bell measurement | 6 |-l 8 [ . 

Nearly deterministic quantum teleportation.- Our Bell 
measurement scheme immediately enhances the success 
probability of the standard quantum teleportation 0 . 
Suppose that an unknown qubit \<Pn)a = ^ 1 +)®^ + 
b\ —)® N with N photons at site A is to be teleported 
via a channel state |+)^ iV |+) ( § iV + |—)f iV |— )% N to site 
B. The sender carries out N-times of B s measurements, 
where each B s is performed on two photons, Le., one 
from \4>n)a and the other from site A of the channel. 
The receiver at site B can then retrieve \4>n) by per¬ 
forming appropriate unitary transforms. The required 
Pauli X (bit flip) and Z (phase flip) operations in the 
logical qubit basis can be implemented deterministically 
by phase-flipping all photon modes and by executing a 
bit-flip on any one mode, in the \V)} baisis, respec¬ 

tively. Therefore, the success probability of teleportation 
equals that of the Bell measurement P s = 1 — 2~ N . 

Universal quantum computation.- Using our frame¬ 
work, a universal set of gate operations can be con¬ 
structed. For example, Pauli X, arbitrary Z (phase), 
Hadamard, and a controlled-Z operations constitute such 
a universal set. Pauli X and arbitrary Z (phase) op¬ 
erations are straightforward to implement in the way 
explained earlier for teleportation. Hadamard and CZ 
gates can be implemented through the gate teleporta¬ 
tion protocol with specific types of entangled states 0 - 
The success probability of the gate operations based on 
the teleportation protocol can be made nearly determin¬ 
istic by increasing the number of photons for a logical 


N 

Noise threshold 77 

N 

Noise threshold 77 

3 

1.3 x 10 -3 

6 

1.3 x lO -3 

4 

1.7 x 10“ a 

7 

1.1 x 10 “ a 

5 

1.5 x 10 -3 

8 

0.9 x lCT 3 


TABLE I. Fault-tolerant noise thresholds ( 77 ) for different 
number of photons in a logical qubit (N) using the seven- 
qubit Steane code and the telecorrection protocol [23|. The 
highest threshold is obtained when N = 4. 


qubit. The cost is preparation of mutiphoton entangle¬ 
ment as resource states. Such multiphoton entanglement 
have been experimentally demonstrated 0 . For exam¬ 
ple, GHZ-type entanglement up to 8 photons 00 and 
cluster states up to 8 photons 1611 were generated. On- 
demand generation schemes [171 UM are a ^ so expected to 
be realized based on semiconductor quantum dots 0. 

Effects of photon losses.- Photon loss is a major detri¬ 
mental factor in optical quantum information processing 
[§]. We assume that the photon loss rate for any single 
mode is 77 and analyze the errors caused by the photon 
losses using the master equation (Supplementary Mate¬ 
rial) 120]. Photon loss during quantum computing occurs 
with rate P = 1 — (1 — 77 )^ for a logical qubit. If a photon 
is lost, the qubit experiences a Pauli Z error with proba¬ 
bility 1 / 2 . The failure probability (1 — P s ) of the logical 
Bell measurement is obtained as 





(6) 

where represents the binomial coefficient. Note that 
errors caused by loss at any single photon mode are in 
fact detectable by loss of the photon at any detector(s) 
during the logical Bell measurement. Such an error no¬ 
ticed immediately by a measurement is called “locatable” 
[§]. Moreover, missing photons in the input qubit can be 
compensated at the output qubit as far as the telepor¬ 
tation succeeds. In our scheme, unlocatable errors that 
should be corrected by an error correction code appear 
only in quantum memory with rate P, i.e., the photon 
loss rate of a logical qubit. 

We summarize the assumptions made for our analy¬ 
sis of quantum computing as follows. Multiphoton en¬ 
tangled states, both for logical qubits and for entangled 
channels for gate teleportation, are provided by off-line 
processes. During the off-line process of producing multi¬ 
photon entanglement used as quantum channels, loss oc¬ 
curs with rate 77 ; as a result, imperfect channels (in which 
photons are lost with rate 77 at each photonic mode) are 
supplied into the in-line computation process. The ini¬ 
tial logical qubits are assumed to be in ideal pure states 
when they are first supplied into the in-line computation 
process. During the in-line process of quantum comput¬ 
ing, for each gate operation and corresponding time in 
quantum memory, the same loss rate 77 is applied to each 
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mode of the multiphoton qubits. We note that the total 
resource cost depends upon the efficiency of the off-line 
generation process. 

Fault-tolerant quantum computation. -In order to build 
arbitrary large-scale quantum computers, the amount of 
noise per operation with appropriate error corrections 
should be below a fault-tolerance threshold [2l|. We 
carried out numerical simulations to obtain the thresh¬ 
old for a given loss rate rj. We here employ the seven 
qubit Steane code |22| with several levels of concatena¬ 
tion based on the circuit-based telecorrection [23]. In 
fact, the Steane code can correct arbitrary logical or un¬ 
beatable errors, however for the purpose of this calcula¬ 
tion we assume that the errors other than loss errors are 
negligible compared to the loss errors. The details of the 
method 231, l24| is presented in the Supplementary Ma¬ 
terial and the noise thresholds of our model are obtained 
as shown in Table H Interestingly, the largest threshold 
is obtained when the qubit is encoded with 4 photons 
(N = 4), and further increase of N lowers the threshold 
due to the increase of unbeatable errors. The obtained 
noise threshold 1.7 x 10 -3 ) is much higher than those 
for coherent-state qubits 2 x 10 -4 ) 24l-[26j and hy¬ 


brid qubits 5 x 10 4 ) [l_( 
the one using parity states [2' 


and is almost equivalent to 
~"lj. We expect that even 


much higher thresholds may be attainable by employing 
recently proposed topological error codes [l6|, |29[ , which 
will be interesting future work. 

Remarks.- We have proposed a nearly deterministic 
Bell discrimination scheme using multiphoton qubit en¬ 
coding. The limitation that only two of four Bell states 
can be identified by the standard single-photon-qubit Bell 
measurement, B s , is overcome by multiphoton encod¬ 
ing with GHZ entanglement and N times of B s mea¬ 
surements, where N is the number of photons in a log¬ 
ical qubit. The logical Bell measurement is performed 
through N times of B s measurements and the process 
fails only when none of those N times of B s measurements 
succeeds. As a result, the success probability of the log¬ 
ical Bell measurement, 1 — 2 “ N , rapidly approaches to 
unity as N increases. It outperforms previous schemes 
devised to improve success probabilities of Bell measure¬ 
ments using single photons and linear optics, regarding 
the efficiency in terms of average photon usages. Another 
remarkable advantage of our scheme over the previous 
ones is that it does not require photon number resolv¬ 
ing measurements but only on-off measurements suffice. 
It means that all errors due to photon losses are beat¬ 
able and are relatively easy to handle during quantum 
information processing. We have finally demonstrated 
fault-tolerant quantum computation using our approach. 
Remarkably, the highest noise-threshold is obtained with 
4-photon qubits and 8-photon entangled channels that 
are accessible in current laboratories EMI. 

Our scheme for the Bell measurement can be per¬ 
formed via either spatially or temporally distributed N 


times B s measurements. We note that such an experi¬ 
ment can be performed utilizing temporal mode entan¬ 
glement as done in Refs. |3Qb32j . It then follows that 
only one single-photon-qubit Bell-measurement device Q 
is sufficient to perform temporally separate N number 
of B s measurements for a logical Bell measurement. As 
a proof-of-principle experiment of our scheme, quantum 
teleportation from two transmitters to two receivers us¬ 
ing four-photon entanglement and two B s measurements, 
for example, would be immediately realizable using cur¬ 
rent technology. Our idea, in principle, is not limited to 
optical systems but can be applied to other multipartite 
systems. It reveals the possibility of using multipartite 
entangled systems for efficient quantum communication 
and computation. 
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Supplemental Material 

MULTIPARTITE BELL MEASUREMENT FOR 
ARBITRARY N PHOTONS 

The Bell states with arbitrary N photons given in 
Eq. (4) of the main Letter can be represented by single¬ 
photon-qubit Bell states. From Eq. (1) of the main 
text, we find |d=)|d=) = (|<F + ) zb |<F - ))/\/2 an d |±)|=f) = 
(|T + ) zb |\h _ ))/\/2. Thus, the Bell states with N photons 
can be written as 

I *f N) ) = T(|+)®q+)®" ± |_)®q_)®*) 

= ^(( | + )| +) )0iV ± (| - ) | - >) ® iV ) 

= -A=((|$+) +1$-»®" ± (|<j> + ) - |$-» 0JV ), 

I*A> = T(|+)®iV|_)®iV ± |_)®JV |+) 0AT ) 

= ^ 1 ((l+)l- )) 0JV ± (l - )l + )) ® Ar ) 

= - 7 A=((|m,+) +1*-))®" ± (|*+) -1*-))®"), 

from which we can obtain Eq. (5) in the main Letter. For 
example, we have 

i<G)> = ^((i* + > +1*“»® 3 + (i* + > -1*“»® 3 )) 

= i(i$+)i$+)i$+ ) + i$+)i$-)i$-) 

+ i$-)i$+)i$-) + i$-)i$-)i$+))) 

= l(i$ + >® 3 +p[i$ + )i$"}® 2 ]), 

where V[-\ is the permutation function defined in the 
main Letter. Likewise, all other Bell states with arbi¬ 
trary N can be represented in this way. 


COMPARISON WITH OTHER BELL 
MEASUREMENT SCHEMES 


We compare the efficiency of our scheme with those of 


other recent proposals using single photons |SlHS3[. In 
order to make a fair comparison, we consider the suc¬ 
cess probability of the Bell discrimination in terms of the 
total number of photons (ft) used in the process. The 
photons contained in both the logical qubits to be mea¬ 
sured as well as the ancillary systems used in the process 
are counted in ft. We also consider the increase of the 
average photon number by the squeezing operation when 
it is used. 
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(i) In our scheme, total 2N photons are used for 
the Bell measurement because each logical qubit is con¬ 
structed with N photons and no additional photons are 
necessary in the process. Thus, the success probability 
P s = 1 — 2 -n / 2 is achieved with total n = 27V photons. 

(ii) In Grice’s proposal [si], it was shown that the suc¬ 
cess probability P s = 1 — 2~ Na is reachable using 2 Na —2 
ancillary photons. Here N a is a parameter to denote the 
ancillary entangled states \Tj) with j = l,...,7V a — 1, 
each of which contains 2 J photons. The total num¬ 
ber of photon usage can thus be obtained by count¬ 
ing all photons in two qubits and ancillary states as 
n = 2 + 2 Na — 2 = 2 Na , by which we can rewrite the 
success probability as P s = 1 — 1/n. 

(iii) In Zaidi and van Loock’s proposal |S2], each mode 
of Bell states is squeezed by the squeezing operator 
S(r) = exp[—r(a^ 2 — a 2 )/2] with squeezing parameter 
r to increase the success probability of Bell discrimina¬ 
tion. Two indistinguishable Bell states (here assumed as 
1^) = 2 -1 / 2 (| HH) ± | W))), passing through a beam 
splitter as UbsI^) an d squeezed, can be written in the 
dual-rail representation as 

|(|2'0W) + |0W2') ± |0'2W) ± |0 / 0 , 2 / 0 / )) 

where \n f ) = S(r)\n). The average photon number n in 
all four modes can be obtained by 

(<y |5'i,2,3,4(-?’)(ni +n 2 + n 3 +n 4 )5'i )2 ,3,4(?’)|<?!> ± ) 

where hi is the photon number operator in the i-th mode 
and Si,2,3,4( r ) = Si(r)S 2 {r)Ss(r)S^(r). Using the rela¬ 
tion 

S(—r)hS(r ) = (a^ cosh r — a sinh r) (a cosh r — a) sinh r), 

we obtain the total average photon number in all four 
modes as 

h = {hi + fz -2 + hs + h^) = 2 cosh 2r + 4 sinh 2 r. 

In this scheme, only specific values of r result in the im¬ 
provement of the success probability for the Bell dis¬ 
crimination. The best suggested value in Ref. [S2] is 
r = 0.6585 with which the average photon number in 
the Bell state after the squeezing is h = 6.00029; this re¬ 
sults in the success probability of the Bell measurement 
0.643. 

(iv) The scheme proposed by Ewert and van Loock 
[S3| employs ancillary multi-photon entanglement that is 
similar to the one used in Grice’s scheme [SlJ| to increase 
the success probability. The total number of photons that 
go into the Bell measurement setup can be counted as 
h = 47V m + 2 where 7V m is the number of ancillary states, 
which yields the success probability P s = 1 — 2~ Nm ~ 1 . 
Thus, we can rewrite the success probability with respect 
to the average photon usages h as P s = 1 — 2 -n / 4-1 / 2 . 

We plot P s against h for all above-mentioned schemes 
in Fig. 2 of the main Letter which shows that our scheme 
shows the best performance. 


ERROR PROBABILITIES IN LOSSY 
ENVIRONMENT 


The evolution of optical qubits in a lossy environment 
can be described by solving the master equation, 

where Jp = JT dipa\, Lp = - JV(ajd;p + pat a*)/2, and 
a (at) is the annihilation (creation) operator for the i-th 
mode, and 7 is the decay constant. Here the loss rate is 
given by 77 = 1 — e _7t . Thus a logical qubit with arbitrary 
N photons |^;W) = a|+) (8)A/ " + 5|— )® N evolves to a mixed 
state as 

+7 (7 v 

k =1 v 7 

X + \^_ N - k W_ N ~ k) \), 

where (^) represents the binomial coefficient. As we can 
see here, losses in a logical qubit occur with rate P = 
1 — (1 —r]) N . When k photons are lost, the possible result¬ 
ing state of the qubit is either \^ N ~ k ^) = a\+)® N ~ k + 
b\ —)® N ~ k or = a\+)® N ~ k — 6 |—)® N ~ k , Here 

the former contains no logical error, while the latter con¬ 
tains a Pauli-Z error. Therefore, if a photon is lost, a 
qubit experiences a Pauli-Z error with probability 1/2. 

Likewise, we can calculate the failure probability, 1 — 
P s , of the Bell measurement in a lossy environment as 





where (1/2)^ k is the failure rate obtained when k pho¬ 
tons are lost. 


TELECORRECTOR CIRCUIT AND NOISE 
THRESHOLDS FOR FAULT-TOLERANT 
QUANTUM COMPUTING 

The telecorrector circuit is composed of CZ, 
Hadamard, |+) state, and A-basis measurement (s3 |. 
For the lowest level of concatenation, the errors can be 
modeled as follows: When Hadamard or CZ gates fail, 
the teleported qubit is assumed to experience depolar¬ 
ization, modeled by a random Pauli operation applied 
to the qubit, i.e. Z and X errors occur independently 
with the equal probability 1/2. If a loss occurs in quan¬ 
tum memory or gate operations, the qubit experiences a 
Pauli Z error with probability 1/2. For higher levels of 
concatenation, we use the same error models described 
in Ref. [S5[. Based on these, we performed a series of 
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Monte Carlo simulation (using C++) to obtain the cor¬ 
rected error rates for a range of 77 with different N. The 
resulting error rates in a lower level are used for the next 
level of error correction. If the error rates tend to zero in 
the limit of many levels of concatenation, fault-tolerant 
quantum computation is possible with those certain 77 
and N. In this way, the noise thresholds of our model 
are obtained as presented in the main Letter. 
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